Abstract
Introduction
Good quality geologic materials for construction are becoming scare. Since compressible soils are usually characterized by very low permeability, the time needed for the desired consolidation can be long. Due to these reasons and become of the environmental restrictions on certain public works, ground improvement is becoming an essential part of infrastructure development. Hence, a system of vertical drains combined with vacuum preloading is an effective method to accelerate soil consolidation by promoting radial flow. For the classic vertical drain consolidation theory, a constant coefficient of volume compressibility, a constant coefficient of horizontal permeability and a constant coefficient of vertical permeability were assumed for given stress range [1] [2] [3] [4] [5] [6] . However, for a relatively large applied stress range, it is known that both soil permeability and soil volume compressibility coefficients decrease as a result of physical reduction in void ratio during the consolidation process [7] [8] [9] [10] . And pre-consolidation pressure is essential for predicting the actual settlement.
Otherwise, loads in the construction of civil engineering works are mostly applied gradually with time [11] [12] . In many cases the loading process may endure over a long period of time, so a significant part of the consolidation occurs accordingly.
To the author's knowledge, however, no comprehensive solution to consolidation with both vertical and horizontal drainage including the non-line properties of soil and the changes of external loading is available in the literature. The content of this paper is specifically developed mathematical solutions with the idea that variable consolidation properties are particularly related to the aforementioned problems.
Mathematical models for variable soil properties
Here, take the ' log e V relationship which is used to determine the compressibility indices, and the log e k relationship which is used to represent permeability variation linear responses into account to present the non-linear relationship of the soil. Assuming that
where e is the void ration, e 0 is the initial void ratio, ı' is the vertical total stress, C c is the compression index, k v0 is the vertical initial coefficient of permeability, k h0 is the horizontal initial coefficient of permeability, C k is the vertical hydraulic conductivity index, C h is the horizontal hydraulic conductivity index. Other assumptions are the same as Barron's. Based on equations (1)- (3):
w w (6) where m v is the coefficient of compressibility. m v0 =C c /(1+e 0 )/ln10/ı' is the initial coefficient of compressibility. According to Terzaghi's Principle of effective stress, ı'can be expressed as:
in which, u is the pore water pressure, q(t) is the external loading. The analysis model is shown in Figure 1 .
Fig.1 Scheme of ground with vertical drains
The differential equation for the dissipation of excess pore water pressure using the free strain assumption is
where r is the radial coordinate, z is the vertical coordinate, e r is the radius of the equivalent cylindrical block of soil, w r is the radius of drain, w J is the unit weight of water, H is the drainage path.
Substituting Equations (4), (5) and (7) into Equation (8) yields:
Boundary and initial conditions
The following commonly encountered boundary conditions are studied in this paper: If drainage is available at the bottom of the sol, the drainage path H is halved.
The initial condition is:
Solutions for the governmental equation
Equation (9) is non-linear in ı' and hence does not have a general solution with the boundary conditions mentioned above. Therefore, assuming the decrease in permeability is proportional to the decrease in compressibility during the consolidation of a soil and the distribution of initial effective pressures is constant with depth. Then,
By defining a new parameter
Equation (12) can be simplified as follows:
in which,
Using the method of separation of variables, the consolidation equation (14) under the given boundary and initial conditions in equations (11) and (12) Here, Z is a dimensionless vertical coordinate, N is the ratio of the equivalent radius over well radius, and L is a newly defined dimensionless parameter. L is related to the vertical and horizontal consolidation coefficients (C v0 and C h0 ), the radius of the well (r w ) and the vertical drainage distance (H). ( , ) Y Y as follows:
The quantity m P is the mth positive root of the following equation: 
Examples and discussions
It has been reported that the parameter N is in the range of 5-80, and the value of parameter L is in the range of 0-0.01. Fig 2 shows that the excess pore water pressure u and its rate of dissipation in such nonlinear consolidation is different from those in a linear consolidation. The bigger N ı is, the slower dissipation of excess pore water pressure is. However, the rate of settlement in a nonlinear consolidation subjecting to the assumptions made here is no different from that in a linear consolidation, which is the same as Zhu's result. Because the nonlinear character of the soil considered in this paper, the decrease in permeability is proportional to the decrease in compressibility during the consolidation and the distribution of initial effective pressures is constant with depth, there should be no different from the situation in linear consolidation in theory. At the same time, it is proved from the theory that the results in this paper are correct. In such nonlinear consolidation the degree of consolidation defined by the excess pore water pressure is different from in a linear consolidation, which as Figure 4 shows. It can be seen that the difference will disappear as the value of N ı reproaches to 1. It also can be approved by mathematic method.
Since the value of N ı reflects the magnitude of load, it can be concluded that the discrepancy between linear and nonlinear consolidation is greatly related to the level of the external load level, and the smaller the load level, the smaller the discrepancy. When N ı =12, the maximum difference deviation of U p will almost reach 15% (as Figure 4 shows). Therefore, the nonlinear character of the soil should be considered when the external loading is big. In figure 5 and figure  6 , curves of the average degree of consolidation U p and U s versus time factor T v are given, respectively. With the increasing of the load level N ı , the difference of U p and U s between the current solution and the line's solution gets bigger. Moreover, for the same parameters, U p is always less than U s . 
Conclusion
The developed method in this paper can handle the problem of non-linear consolidation with vertical and horizontal drainage undergoing time-dependent loadings.
1) The equations presented given an analytical solution to consolidation of soil with vertical and horizontal drainage under time-dependent loading.
2) Because of the nonlinear character of the soil, the average degree of consolidation can be defined either in terms of settlement (U s ) or in terms of effective stress (U p ). While the former shows the rate of settlement development, the later indicates the rate of the increase of effective pressure or the rate of the dissipation of excess pore water pressure. And for the same parameters, U p is always less than U s .
3) The average degree of consolidation defined in terms of settlement U s in non-linear theory has no different with the average degree of consolidation in linear theory for the constant loading case. It means that the rate of settlement in a nonlinear consolidation with vertical and horizontal drainage is no different from that in a linear consolidation when the soil subjected to constant loading. 4) Since the value of N ı reflects the magnitude of load, it can be concluded that for the constant loading case the discrepancy between linear and nonlinear consolidation is greatly related to the level of the external load level, and the smaller the load level, the smaller the discrepancy.
5) For the ramp loading case, the discrepancy between linear and nonlinear consolidation is related not only to the external load level N ı , but also the construction time factor T vc .
